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OSTROWSKI TYPE INEQUALITIES FOR m− AND
(α,m)−GEOMETRICALLY CONVEX FUNCTIONS VIA
RIEMANN-LOUVILLE FRACTIONAL INTEGRALS
MEVLU¨T TUNC¸
Abstract. In this paper, some new inequalities of Ostrowski type established
for the class of m− and (α,m)−geometrically convex functions which are
generalizations of geometric convex functions.
1. Introduction
The following result is known in the literature as Ostrowski’s inequality [1].
Theorem 1. Let f : [a, b] → R be a differentiable mapping on (a, b) with the
property that |f ′ (u)| ≤M for all u ∈ (a, b) . Then the following inequality holds:
(1.1)
∣∣∣∣∣f (x)− 1b − a
∫ b
a
f (u) du
∣∣∣∣∣ ≤M (b− a)

1
4
+
(
x− a+b2
b− a
)2
for all x ∈ [a, b] . The constant 1/4 is best possible in the sense that it cannot be
replaced by a smaller constant.
This inequality gives an upper bound for the approximation of the integral av-
erage 1
b−a
∫ b
a
f (u)du by the value f (x) at point x ∈ [a, b]. For recent results and
generalizations concerning Ostrowski’s inequality, see [5]-[10] and the references
therein.
The following notations is well known in the literature.
Definition 1. A function f : I → R, ∅ 6= I ⊆ R, where I is a convex set, is said
to be convex on I if inequality
f (tx+ (1− t) y) ≤ tf (x) + (1− t) f (y)
holds for all x, y ∈ I and t ∈ [0, 1].
In particular in [3], Toader introduced the class of m−convex functions as a
generalizations of convexity as the following:
Definition 2. The function f : [0, b]→ R is said to be m−convex, where m ∈ [0, 1],
if for every x, y ∈ [0, b] and t ∈ [0, 1] we have
(1.2) f (tx+m (1− t) y) ≤ tf (x) +m (1− t) f (y)
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Moreover, in [2], Mihes¸an introduced the class of (α,m)−convex functions as
the following:
Definition 3. The function f : [0, b] → R is said to be (α,m)−convex, where
(α,m) ∈ [0, 1]2 , if for every x, y ∈ [0, b] and t ∈ [0, 1] we have
(1.3) f (tx+m (1− t) y) ≤ tαf (x) +m (1− tα) f (y) .
In [4], Xi et al. introduced the class of m− and (α,m)−geometrically convex
functions as the following:
Definition 4. [4]Let f (x) be a positive function on [0, b] and m ∈ (0, 1]. If
(1.4) f
(
xtym(1−t)
)
≤ [f (x)]t [f (y)]m(1−t)
holds for all x, y ∈ [0, b] and t ∈ [0, 1] , then we say that the function f (x) is
m−geometrically convex on [0, b].
Obviously, if we set m = 1 in Definition 4, then f is just the ordinary geometri-
cally convex on [0, b].
Definition 5. [4]Let f (x) be a positive function on [0, b] and (α,m) ∈ (0, 1]×(0, 1] .
If
(1.5) f
(
xtym(1−t)
)
≤ [f (x)]t
α
[f (y)]
m(1−tα)
holds for all x, y ∈ [0, b] and t ∈ [0, 1], then we say that the function f (x) is
(α,m)−geometrically convex on [0, b].
Clearly, when we choose α = 1 in Definition 5, then f becomes them−geometrically
convex function on [0, b]. A very useful inequality will be given as following:
Lemma 1. [4] For x, y ∈ [0,∞) and m, t ∈ (0, 1] , if x < y and y ≥ 1, then
xtym(1−t) ≤ tx+ (1− t) y.
We give some necessary definitions and mathematical preliminaries of fractional
calculus theory which are used throughout this paper.
Definition 6. Let f ∈ L1[a, b]. The Riemann-Liouville integrals J
µ
a+
f and Jµ
b−
f of
order µ > 0 with a ≥ 0 are defined by
Jµ
a+
f (x) =
1
Γ(µ)
x∫
a
(x− t)µ−1 f(t)dt, x > a
and
Jµ
b−
f (x) =
1
Γ(µ)
b∫
x
(t− x)µ−1 f(t)dt, x < b
respectively where Γ(µ) =
∞∫
0
e−tuµ−1du. Here is J0
a+
f(x) = J0
b−
f(x) = f(x).
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In the case of µ = 1, the fractional integral reduces to the classical integral. Sev-
eral researchers have interested on this topic and several papers have been written
connected with fractional integral inequalities see [11], [12], [13], [14], [15], [16],
[18] and [19].
The aim of this study is to establish some Ostrowski type inequalities for the class
of functions whose derivatives in absolute value are m− and (α,m)− geometrically
convex functions via Riemann-Liouville fractional integrals.
2. Ostrowski type inequalities for m− and (α,m)−geometrically
convex functions
In order to prove our main theorems, we need the following lemma that has been
obtained in [19]:
Lemma 2. Let f : [a, b] → R be a differentiable mapping on (a, b) with a < b. If
f ′ ∈ L [a, b] , then for all x ∈ [a, b] and µ > 0 we have:
(x− a)µ + (b− x)µ
b− a
f (x)−
Γ (µ+ 1)
b− a
[
Jµ
x−
f (a) + Jµ
x+
f (b)
]
=
(x− a)µ+1
b− a
∫ 1
0
tµf ′ (tx+ (1− t) a) dt+
(b− x)µ+1
b− a
∫ 1
0
tµf ′ (tx+ (1− t) b) dt
where Γ(µ) =
∞∫
0
e−tuµ−1du.
Theorem 2. Let I ⊃ [0,∞) be an open interval and f : I → (0,∞) is differ-
entiable. If f ′ ∈ L [a, b] and |f ′| is decreasing and (α,m)−geometrically convex
on [min {1, a} , b] for a ∈ [0,∞) , b ≥ 1, and |f ′ (x)| ≤ M ≤ 1, and (α,m) ∈
(0, 1]× (0, 1] , then the following inequality for fractional integrals with µ > 0 holds:
∣∣∣∣ (x− a)
µ + (b− x)µ
b− a
f (x)−
Γ (µ+ 1)
b− a
[
Jµ
x−
f (a) + Jµ
x+
f (b)
]∣∣∣∣(2.1)
≤
[
(x− a)µ+1 + (b − x)µ+1
b− a
]
×K (α,m, µ; k (α))
where
k (α) =
{
Mm
∫ 1
0 t
µM tα(1−m)dt ,M < 1
1
µ+1 ,M = 1
.
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Proof. By Lemma 2 and since |f ′| is decreasing and (α,m)-geometrically convex
on [min {1, a} , b] , we have∣∣∣∣ (x− a)
µ
+ (b− x)µ
b− a
f (x)−
Γ (µ+ 1)
b− a
[
Jµ
x−
f (a) + Jµ
x+
f (b)
]∣∣∣∣
≤
(x− a)µ+1
b− a
∫ 1
0
tµ |f ′ (tx+ (1− t) a)| dt+
(b− x)µ+1
b− a
∫ 1
0
tµ |f ′ (tx+ (1− t) b)| dt
≤
(x− a)µ+1
b− a
∫ 1
0
tµ
∣∣∣f ′ (xtam(1−t))∣∣∣ dt+ (b− x)µ+1
b− a
∫ 1
0
tµ
∣∣∣f ′ (xtbm(1−t))∣∣∣ dt
≤
(x− a)µ+1
b− a
∫ 1
0
tµ |f ′ (x)|
tα
|f ′ (a)|
m(1−tα)
dt+
(b − x)µ+1
b− a
∫ 1
0
tµ |f ′ (x)|
tα
|f ′ (b)|
m(1−tα)
dt
≤
(x− a)µ+1
b− a
∫ 1
0
tµMm+t
α(1−m)dt+
(b− x)µ+1
b− a
∫ 1
0
tµMm+t
α(1−m)dt
=
Mm
b− a
∫ 1
0
tµM t
α(1−m)dt
[
(x− a)µ+1 + (b− x)µ+1
]
.
If 0 < λ ≤ 1 ≤ ∂, 0 < u, v ≤ 1, then
(2.2) λu
v
≤ λuv.
When M ≤ 1, by (2.2), we get that∣∣∣∣ (x− a)
µ
+ (b− x)µ
b− a
f (x)−
Γ (µ+ 1)
b− a
[
Jµ
x−
f (a) + Jµ
x+
f (b)
]∣∣∣∣(2.3)
≤
Mm
b− a
[
(x− a)µ+1 + (b− x)µ+1
] ∫ 1
0
tµM t
α(1−m)dt
≤
Mm
b− a
[
(x− a)µ+1 + (b− x)µ+1
] ∫ 1
0
tµM tα(1−m)dt.
The proof is completed. 
Corollary 1. Let I ⊃ [0,∞) be an open interval and f : I → (0,∞) is dif-
ferentiable. If f ′ ∈ L [a, b] and |f ′| is decreasing and m-geometrically convex on
[min {1, a} , b] for a ∈ [0,∞) , b ≥ 1, and |f ′ (x)| ≤M ≤ 1, and m ∈ (0, 1] , then the
following inequality for fractional integrals with µ > 0 holds:∣∣∣∣ (x− a)
µ + (b− x)µ
b− a
f (x)−
Γ (µ+ 1)
b− a
[
Jµ
x−
f (a) + Jµ
x+
f (b)
]∣∣∣∣
≤
[
(x− a)µ+1 + (b − x)µ+1
b− a
]
×K (1,m, µ; k (1))
where
k (1) =
{
1
µ+1 ,M = 1
Mm
∫ 1
0 t
µM (1−m)tdt ,M 6= 1
.
Proof. We take α = 1 in (2.1), we get the required result. 
The corresponding version for powers of the absolute value of the first derivative
is incorporated in the following result:
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Theorem 3. Let I ⊃ [0,∞) be an open interval and f : I → (0,∞) is dif-
ferentiable. If f ′ ∈ L [a, b] and |f ′|q is decreasing and (α,m)-geometrically con-
vex on [min {1, a} , b] for a ∈ [0,∞) , b ≥ 1, p, q > 1 and |f ′ (x)| ≤ M < 1,
x ∈ [min {1, a} , b] and (α,m) ∈ (0, 1) × (0, 1) , then the following inequality for
fractional integrals with µ > 0 holds:∣∣∣∣(x− a)
µ + (b− x)µ
b − a
f (x)−
Γ (µ+ 1)
b− a
[
Jµ
x−
f (a) + Jµ
x+
f (b)
]∣∣∣∣(2.4)
≤ Mm
(
1
pµ+ 1
) 1
p
(
M qα(1−m) − 1
qα (1−m) lnM
) 1
q
[
(x− a)µ+1 + (b− x)µ+1
b− a
]
where p−1 + q−1 = 1.
Proof. By Lemma 2 and since |f ′|q is decreasing, and using the famous Ho¨lder
inequality, we have∣∣∣∣ (x− a)
µ
+ (b− x)µ
b− a
f (x)−
Γ (µ+ 1)
b− a
[
Jµ
x−
f (a) + Jµ
x+
f (b)
]∣∣∣∣
≤
(x− a)µ+1
b− a
∫ 1
0
tµ |f ′ (tx+ (1− t) a)| dt+
(b− x)µ+1
b− a
∫ 1
0
tµ |f ′ (tx+ (1− t) b)| dt
≤
(x− a)µ+1
b− a
(∫ 1
0
tpµdt
) 1
p
(∫ 1
0
∣∣∣f ′ (xtam(1−t))∣∣∣q dt)
1
q
+
(b− x)µ+1
b− a
(∫ 1
0
tpµdt
) 1
p
(∫ 1
0
∣∣∣f ′ (xtbm(1−t))∣∣∣q dt)
1
q
Since |f ′|q is (α,m)−geometrically convex on [min {1, a} , b] and |f ′ (x)| ≤M < 1,
we obtain that∫ 1
0
∣∣∣f ′ (xtam(1−t))∣∣∣q dt ≤ ∫ 1
0
|f ′ (x)|
qtα
|f ′ (a)|
mq(1−tα)
dt
≤
∫ 1
0
M qt
α+mq(1−tα)dt ≤Mmq
∫ 1
0
M qt
α(1−m)dt
≤ Mmq
∫ 1
0
M qtα(1−m)dt = Mmq
M qα(1−m) − 1
qα (1−m) lnM
and ∫ 1
0
∣∣∣f ′ (xtbm(1−t))∣∣∣q dt ≤ ∫ 1
0
|f ′ (x)|
qtα
|f ′ (b)|
mq(1−tα)
dt
≤ Mmq
M qα(1−m) − 1
qα (1−m) lnM
and by simple computation ∫ 1
0
tpµdt =
1
pµ+ 1
.
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Hence, we have∣∣∣∣(x− a)
µ + (b− x)µ
b − a
f (x)−
Γ (µ+ 1)
b− a
[
Jµ
x−
f (a) + Jµ
x+
f (b)
]∣∣∣∣
≤ Mm
(
1
pµ+ 1
) 1
p
(
M qα(1−m) − 1
qα (1−m) lnM
) 1
q
[
(x− a)µ+1 + (b− x)µ+1
b− a
]
which completes the proof. 
Corollary 2. Let I ⊃ [0,∞) be an open interval and f : I → (0,∞) is dif-
ferentiable. If f ′ ∈ L [a, b] and |f ′|q is decreasing and m-geometrically convex
on [min {1, a} , b] for a ∈ [0,∞) , b ≥ 1, p, q > 1 and |f ′ (x)| ≤ M < 1, x ∈
[min {1, a} , b] and m ∈ (0, 1) , then the following inequality for fractional integrals
with µ > 0 holds:∣∣∣∣ (x− a)
µ
+ (b− x)µ
b− a
f (x)−
Γ (µ+ 1)
b− a
[
Jµ
x−
f (a) + Jµ
x+
f (b)
]∣∣∣∣
≤ Mm
(
1
pµ+ 1
) 1
p
(
M q(1−m) − 1
q (1−m) lnM
) 1
q
[
(x− a)µ+1 + (b− x)µ+1
b− a
]
where 1/p+ 1/q = 1.
Proof. We take α = 1 in (2.4), we get the required result. 
A different approach leads to the following result.
Theorem 4. Let I ⊃ [0,∞) be an open interval and f : I → (0,∞) is differen-
tiable. If f ′ ∈ L [a, b] and |f ′|q is decreasing and (α,m)-geometrically convex on
[min {1, a} , b] for a ∈ [0,∞) , b ≥ 1, q ≥ 1 and |f ′ (x)| ≤M < 1, x ∈ [min {1, a} , b]
and α ∈ (0, 1] , m ∈ (0, 1) , then the following inequality for fractional integrals with
µ > 0 holds:∣∣∣∣ (x− a)
µ
+ (b− x)µ
b− a
f (x) −
Γ (µ+ 1)
b− a
[
Jµ
x−
f (a) + Jµ
x+
f (b)
]∣∣∣∣(2.5)
≤ Mm
(
1
µ+ 1
)1− 1
q
(∫ 1
0
tµM qtα(1−m)dt
) 1
q
[
(x− a)µ+1 + (b− x)µ+1
b− a
]
Proof. By Lemma 2 and since |f ′|q is decreasing, and using the power mean in-
equality, we have∣∣∣∣ (x− a)
µ + (b− x)µ
b− a
f (x)−
Γ (µ+ 1)
b− a
[
Jµ
x−
f (a) + Jµ
x+
f (b)
]∣∣∣∣
≤
(x− a)µ+1
b− a
∫ 1
0
tµ |f ′ (tx+ (1− t) a)| dt+
(b− x)µ+1
b− a
∫ 1
0
tµ |f ′ (tx+ (1− t) b)| dt
≤
(x− a)µ+1
b− a
(∫ 1
0
tµdt
)1− 1
q
(∫ 1
0
tµ
∣∣∣f ′ (xtam(1−t))∣∣∣q dt)
1
q
+
(b− x)µ+1
b− a
(∫ 1
0
tµdt
)1− 1
q
(∫ 1
0
tµ
∣∣∣f ′ (xtbm(1−t))∣∣∣q dt)
1
q
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Since |f ′|q is (α,m)-geometrically convex and |f ′ (x)| ≤ M < 1 and by (2.2), we
obtain∫ 1
0
tµ
∣∣∣f ′ (xtam(1−t))∣∣∣q dt ≤ ∫ 1
0
tµ |f ′ (x)|
qtα
|f ′ (a)|
mq(1−tα)
dt
≤
∫ 1
0
tµM qt
α+mq(1−tα)dt ≤Mmq
∫ 1
0
tµM qt
α(1−m)dt
≤ Mmq
∫ 1
0
tµM qtα(1−m)dt
and similarly ∫ 1
0
tµ
∣∣∣f ′ (xtbm(1−t))∣∣∣q dt ≤Mmq ∫ 1
0
tµM qtα(1−m)dt
Hence, we have∣∣∣∣ (x− a)
µ
+ (b− x)µ
b− a
f (x) −
Γ (µ+ 1)
b− a
[
Jµ
x−
f (a) + Jµ
x+
f (b)
]∣∣∣∣
≤ Mm
(
1
µ+ 1
)1− 1
q
(∫ 1
0
tµM qtα(1−m)dt
) 1
q
[
(x− a)µ+1 + (b− x)µ+1
b− a
]
which comletes the proof. 
Corollary 3. Let I ⊃ [0,∞) be an open interval and f : I → (0,∞) is differ-
entiable. If f ′ ∈ L [a, b] and |f ′|q is decreasing and m-geometrically convex on
[min {1, a} , b] for a ∈ [0,∞) , b ≥ 1, q ≥ 1 and |f ′ (x)| ≤M < 1, x ∈ [min {1, a} , b]
and m ∈ (0, 1) , then the following inequality for fractional integrals with µ > 0
holds: ∣∣∣∣(x− a)
µ
+ (b− x)µ
b− a
f (x)−
Γ (µ+ 1)
b− a
[
Jµ
x−
f (a) + Jµ
x+
f (b)
]∣∣∣∣
≤ Mm
(
1
µ+ 1
)1− 1
q
(∫ 1
0
tµM qt(1−m)dt
) 1
q
[
(x− a)µ+1 + (b− x)µ+1
b − a
]
Proof. We take α = 1 in (2.5), we get the required result. 
Corollary 4. Let I ⊃ [0,∞) be an open interval and f : I → (0,∞) is differ-
entiable. If f ′ ∈ L [a, b] and |f ′|q is decreasing and geometrically convex on [a, b]
for a ∈ [0,∞) , b ≥ 1, q ≥ 1 and |f ′ (x)| ≤ M < 1, x ∈ [a, b] , then the following
inequality for fractional integrals with µ > 0 holds:∣∣∣∣ (x− a)
µ
+ (b− x)µ
b− a
f (x)−
Γ (µ+ 1)
b− a
[
Jµ
x−
f (a) + Jµ
x+
f (b)
]∣∣∣∣(2.6)
≤ M
(
1
µ+ 1
)[
(x− a)µ+1 + (b− x)µ+1
b− a
]
then, the inequality in (2.6) is special version of Corollary 3 of [19].
Proof. If we take α = 1 and m→ 1 in (2.5), we get the required result. 
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Corollary 5. In Theorem 4, if we choose µ = 1, then (2.5) reduces inequality above∣∣∣∣∣f (x) − 1b− a
∫ b
a
f (y) dy
∣∣∣∣∣
≤ Mm2
1
q
(
M qα(1−m) − 1
lnM qα(1−m)
(
1−
1
lnM qα(1−m)
)) 1
q
[
(x− a)2 + (b− x)2
2 (b− a)
]
Corollary 6. Let f, g, a, b, µ, q be as in Theorem 4, and u, v > 0 with u+v = 1.Then∣∣∣∣ (x− a)
µ
+ (b− x)µ
b− a
f (x)−
Γ (µ+ 1)
b− a
[
Jµ
x−
f (a) + Jµ
x+
f (b)
]∣∣∣∣(2.7)
≤ Mm
[
(x− a)µ+1 + (b− x)µ+1
b− a
]
×
(
1
µ+ 1
)1− 1
q

 u2µ+ u +
v2
(
M
qα(1−m)
v − 1
)
qα (1−m) lnM


1
q
Proof. By Lemma 2 and since |f ′|q is decreasing, and using the power mean in-
equality, we have∣∣∣∣ (x− a)
µ
+ (b− x)µ
b− a
f (x)−
Γ (µ+ 1)
b− a
[
Jµ
x−
f (a) + Jµ
x+
f (b)
]∣∣∣∣
≤
(x− a)µ+1
b− a
(∫ 1
0
tµdt
)1− 1
q
(∫ 1
0
tµ
∣∣∣f ′ (xtam(1−t))∣∣∣q dt)
1
q
+
(b− x)µ+1
b− a
(∫ 1
0
tµdt
)1− 1
q
(∫ 1
0
tµ
∣∣∣f ′ (xtbm(1−t))∣∣∣q dt)
1
q
Since |f ′|q is (α,m)-geometrically convex and |f ′ (x)| ≤ M < 1 and by (2.2), we
obtain ∫ 1
0
tµ
∣∣∣f ′ (xtam(1−t))∣∣∣q dt ≤Mmq ∫ 1
0
tµM qtα(1−m)dt
∫ 1
0
tµ
∣∣∣f ′ (xtbm(1−t))∣∣∣q dt ≤Mmq ∫ 1
0
tµM qtα(1−m)dt
By using the well known inequality cd ≤ uc
1
u + vd
1
v , we get that∫ 1
0
tµM qtα(1−m)dt ≤
∫ 1
0
(
ut
µ
u + vM
qtα(1−m)
v
)
dt
=
u
µ
u
+ 1
+ v
M
qα(1−m)
v − 1
lnM
qα(1−m)
v
=
u2
µ+ u
+
v2
(
M
qα(1−m)
v − 1
)
qα (1−m) lnM
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Hence, we have∣∣∣∣ (x− a)
µ
+ (b− x)µ
b− a
f (x)−
Γ (µ+ 1)
b− a
[
Jµ
x−
f (a) + Jµ
x+
f (b)
]∣∣∣∣
≤ Mm
(
1
µ+ 1
)1− 1
q

 u2µ+ u +
v2
(
M
qα(1−m)
v − 1
)
qα (1−m) lnM


1
q [
(x− a)µ+1 + (b− x)µ+1
b− a
]
which comletes the proof. 
Remark 1. In 2.7, if we choose q = 1, then (2.7) reduces inequality above∣∣∣∣ (x− a)
µ
+ (b − x)µ
b− a
f (x) −
Γ (µ+ 1)
b− a
[
Jµ
x−
f (a) + Jµ
x+
f (b)
]∣∣∣∣
≤ Mm
[
(x− a)µ+1 + (b− x)µ+1
b− a
] u2µ+ u +
v2
(
M
α(1−m)
v − 1
)
α (1−m) lnM


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